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SYMPLECTIC DEFORMATIONS OF FLOER HOMOLOGY AND
NON-CONTRACTIBLE PERIODIC ORBITS IN TWISTED DISC
BUNDLES
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Abstract. In this paper we establish the existence of periodic orbits belong-
ing to any σ-atoroidal free homotopy class for Hamiltonian systems in the
twisted disc bundle, provided that the compactly supported time-dependent
Hamiltonian function is sufficiently large over the zero section and the magni-
tude of the weakly exact 2-form σ admitting a primitive with at most linear
growth on the universal cover is sufficiently small. The proof relies on show-
ing the invariance of Floer homology under symplectic deformations and on
the computation of Floer homology for the cotangent bundle endowed with its
canonical symplectic form.
As a consequence, we also prove that, for any nontrivial atoroidal free
homotopy class and any positive finite interval, if the magnitude of a magnetic
field admitting a primitive with at most linear growth on the universal cover
is sufficiently small, the twisted geodesic flow associated to the magnetic field
has a periodic orbit on almost every energy level in the given interval whose
projection to the underlying manifold represents the given free homotopy class.
This application is carried out by showing the finiteness of the restricted Biran-
Polterovich-Salamon capacity.
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1. Introduction
Let (M, g) be a closed connected Riemannian manifold with cotangent bundle
pi : T ∗M →M . Denote by ω0 = −dλ the canonical symplectic form on T ∗M , where
λ = pdq is the Liouville 1-form in local coordinates (q, p) of T ∗M . Let (M˜, g˜) be
the universal cover of (M, g). For a closed 2-form σ ∈ Ω2(M) we denote by σ˜ the
lift of σ to M˜ , and say that σ is weakly exact if σ˜ is exact. Let DRT
∗M denote the
open disc cotangent bundle of finite radius R with respect to the metric g. Denote
by Ω2w(M) the set of all weakly exact 2-forms on M . For each σ ∈ Ω2w(M) we
denote
ωσ := ω0 + pi
∗σ
the twisted symplectic form, and call the symplectic manifold (T ∗M,ωσ) the twisted
cotangent bundle and (DRT
∗M,ωσ) the twisted disc bundle.
For a smooth function H : S1 × T ∗M → R we are interested in the existence of
periodic solutions of the associated Hamiltonian system
x˙(t) = XH,σ(t, x(t)) ∀t ∈ S1,
where the Hamiltonian vector fieldXH,σ on T
∗M is determined by dHt = ι(XH,σ)ωσ.
The existence problem of contractible Hamiltonian periodic solutions on the twisted
cotangent bundle has been studied in a number of papers; see, e.g., [10, 18, 22, 23,
35, 36, 37, 49]. On the other hand, non-contractible periodic orbits of the Hamil-
tonian systems on the ordinary cotangent bundle have been previously investigated
in several papers; see, e.g., [7, 19, 32, 51, 53].
The aim of the present paper is to study certain existence results for 1-periodic
orbits in given free homotopy classes of loops for compactly supported Hamiltonians
on twisted cotangent bundles. The proof relies on the machinery of Floer homology
for non-contractible periodic orbits. In the course of the last two decades, this
version of Floer homology has been studied and used among others in 2003 by
Biran, Polterovich and Salamon [7] on T ∗M for M = Tn or M closed and negatively
curved, in 2006 by Weber [51] on T ∗M for all closed Riemannian manifolds M ,
in 2013 by Gu¨rel [29] on closed symplectic manifolds for simple non-contractible
periodic orbits of Hamiltonian diffeomorphisms with arbitrarily large periods and in
2016 by Ginzburg and Gu¨rel [23] on closed symplectic manifolds for infinitely many
non-contractible periodic orbits . For further references concerning the existence of
non-contractible orbits we refer to [5, 8, 24, 19, 33, 40, 53].
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The main difficulty in applying this technique to detect non-contractible periodic
orbits of the Hamiltonian flow of H is to compute the filtered Floer homology
HF(a,b)α (H). It is well known that the method adopted by Biran, Polterovich and
Salamon in [7] is applied successfully to many other situations [10, 22, 23, 49, 53, 33].
The basic strategy is to examine the commutative diagram
HF(a,b)α (H0)
ΨH1H0 //
ΨHH0 ''NN
NNN
NNN
NNN
HF(a,b)α (H1)
HF(a,b)α (H)
ΨH1H
77ppppppppppp
where H0 ≤ H ≤ H1 and H0 and H1 are time-independent Hamiltonians with
HF(a,b)α (H0) and HF
(a,b)
α (H1) being not hard to compute. However, in our cases,
one can not directly use the method mentioned above which is based on Pozniak’s
Theorem [42] since the sets of critical points of the symplectic action functionals
of the squeezing functions H0 and H1, in general, are not Morse-Bott in the sense
of [7]. Instead, we interpret the Floer homology in the twisted cotangent bundle
as a “small perturbation” of the Floer homology in the ordinary cotangent bundle
and show the isomorphism between them. Of course we shall have to make suitable
assumptions about the twisted symplectic forms. For a nice introduction to the
theories of deformations of Floer homology on a closed symplectic manifold under
symplectic perturbations we refer to the papers by Ritter [43], Zhang [54] and Bae
and Frauenfelder [4]. It is worth to mention that the monotone homomorphisms
(see Section 2.4) are preserved under the isomorphisms which we obtain in this
paper. This observation, together with the computation of Floer homology given
by Weber [51], helps us to circumvent the difficulty of computing the Floer homology
on the twisted disc bundle directly. Our results can be seen as a twisted version of
Weber’s results [51] which, in particular, recover a result of Niche [40].
1.1. Main results.
Definition 1.1. A 1-form τ ∈ Ω1(M˜) is said to be a primitive of σ with at most
linear growth on the universal cover M˜ if dτ = σ˜ and, for any x ∈ M˜ , there exists
a constant %x > 0 such that for all s ≥ 0,
sup
z∈Bx(s)
‖τz‖g˜ ≤ %x(s+ 1). (1.1)
Here Bx(s) denotes the geodesic ball in M˜ of radius s > 0 centered at x. Since M
is compact, the above definition is independent of the choice of the metric g on M .
Put
uσ,g,x(s) = inf
τ∈Fσ
sup
z∈Bx(s)
‖τz‖g˜ ∀s > 0, (1.2)
where Fσ = {τ ∈ Ω1(M˜)|dτ = σ˜}. We call uσ = uσ,g,x : R+ → R+ the cofilling
function of σ ∈ Ω2w(M); see [4, 28, 41]. If g′ is another Riemannian metric on
M and x′ ∈ M˜ is a different base point then it is easy to check that L−1uσ,g,x ≤
uσ,g′,x′ ≤ Luσ,g,x for some constant L > 0.
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We define the set P(M) as
P(M) := {σ ∈ Ω2w(M)| there exists a constant  > 0 such that uσ(s) ≤ (s+ 1)}.
(1.3)
Notice that each σ ∈ P(M), by definition, admits a primitive with at most linear
growth on the universal cover M˜ , and hence σ|pi2(M) = 0. So ωσ is symplectically
aspherical, which means that the symplectic form ωσ vanishes on pi2(T
∗M).
Example 1.2. Let us list some manifolds on which there exists a weakly exact
2-form admitting a primitive with at most linear growth on the universal cover;
see, e.g., Gromov [28], Polterovich [41], Sikorav [48] and references therein.
(1) If a Riemannian manifold M is closed and of non-positive curvature then
every closed 2-form σ on M admits a primitive with at most linear growth
on M˜ . Moreover, whenever M admits a metric of negative curvature, σ˜
admits a bounded primitive, that is, there exists a 1-form τ ∈ Ω1(M˜) such
that dτ = σ˜ and
sup
x∈M˜
‖τx‖ <∞. (1.4)
In particular, from (1) we have the following examples:
(2) Assume that M is a closed oriented Riemannian surface with infinite fun-
damental group. Then the volume form on M admits a primitive with at
most linear growth on M˜ .
(3) For the standard sympletic torus (T2n,
∑2n
i=1 dxi∧dyi) it holds that
∑2n
i=1 dxi
∧dyi ∈ P(T2n). In fact, for n-dimensional tori Tn any closed non-exact 2-
form σ admits a primitive with at most linear growth on the universal cover
Rn but does not satisfy (1.4); see [16].
Remark 1.3. When (M, g) is a closed Riemannian manifold of negative curva-
ture, the constant  = (σ) in P(M) can be chosen to converge to zero as |σ|g → 0
Hereafter we denote |σ|g def= supx∈M ‖σ(x)‖g. Indeed, there exists a universal con-
stant ρ > 0 such that every closed 2-form β ∈ Ω2(M) with |β|g ≤ 1 satisfies
uβ(s) ≤ ρ, ∀s ∈ [0,∞); see Gromov [28, 5.B5]. Then for any closed 2-form
σ ∈ Ω2(M) the rescaling form σˆ = σ/|σ|g satisfies |σˆ|g = 1, σˆ ∈ P(M) and
uσˆ(s) ≤ ρ. This implies that uσ(s) ≤ (σ) := ρ|σ|g and (σ)→ 0 as |σ|g → 0.
Let S1 = R/Z, and we denote the free loop space of M by LM := C∞(S1,M).
Given a free homotopy class α ∈ [S1,M ] we define
LαM := {γ ∈ LM
∣∣[γ] = α}.
We use the symbol Λα for the set of lengths of all periodic geodesics in M with
respect to g which represent α. It is a closed and nowhere dense subset of R (see [51,
Lemma 3.3]), and hence there exists a periodic geodesic q such that
lα :=
∫
S1
‖q˙(t)‖gdt = inf Λα.
Definition 1.4. Let σ be a two-form on M . A class α ∈ [S1,M ] is said to be a
σ-atoroidal class if any map f : S1 → LαM , thought of as a map f : T2 → M ,
satisfies
∫
T2 f
∗σ = 0.
Note that if σ is weakly exact, then the class 0 of nullhomotopic loops is atoroidal,
since both statements are equivalent to the statement that σ
∣∣
pi2(M)
= 0.
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Remark 1.5. If M admits a metric of negative curvature, then every smooth
map f : T2 → M induces the zero map f∗ : H2dR(M,R) → H2dR(T2,R); see [39,
Lemma 2.3] or [40]. Therefore, for any closed 2-form σ ∈ Ω2(M), every free homo-
topy class α ∈ [S1,M ] is a σ-atoroidal class. Another example is the 3-dimensional
torus T3 = {(x, y, z)|x, y, z ∈ R/Z} with σ = dx ∧ dy. It is easy to check that the
homotopy class α = (0, 0, n) for any integer n is σ-atoroidal, see also [16].
Throughout this paper, for the sake of brevity, we always assume that σ ∈ P(M)
and α ∈ [S1,M ] is a σ-atoroidal class without any special statement. Given a
homotopy class α of free loops in M , denote by Pα(H,σ) the set of periodic orbits
of XH,σ:
Pα(H,σ) = {x ∈ C∞(S1, T ∗M)
∣∣x˙(t) = XH,σ(t, x(t)) ∀t ∈ S1, [pi(x)] = α}.
Our first main result establishes the following existence of non-contractible periodic
orbits for compactly supported Hamiltonians on twisted cotangent bundles.
Theorem 1.6. Let (M, g) be a closed connected Riemannian manifold, and let
DRT
∗M be the open disc cotangent bundle of finite radius R with respect to the
metric g. Assume that σ ∈ P(M) and α ∈ [S1,M ] is any σ-atoroidal class. For
every compactly supported Hamiltonian H ∈ C∞(S1 ×DRT ∗M) with
sup
S1×M
H < −Rlα
there exists δ0(H, g, σ, α) > 0 such that if |δ| < δ0(H, g, σ, α) then Pα(H, δσ) 6= ∅.
Moreover, if M is a closed and negatively curved manifold we have the following.
Theorem 1.7 (Niche [40]). Assume that (M, g) is a closed Riemannian manifold
of negative curvature, and that α ∈ [S1,M ] is any free homotopy class. Denote by
σ a closed 2-form on M . Let H ∈ C∞(S1 × DRT ∗M) be a compactly supported
function. Then there exist some positive constants C = C(α) and δ0 = δ0(H, g, α)
such that if
inf
S1×M
H > C
then P−α(H,σ) 6= ∅ whenever |σ|g < δ0.
Remark 1.8. In [40] the author used Pozniak’s theorem to compute Floer ho-
mology of the squeezing functions K± for a twisted cotangent bundle T ∗M of a
negatively curved manifold M , see [40, Proposition 3]. He proved that the set
Pω(ρ) of 1-periodic orbits of Hamiltonian K+ with respect to the twisted sym-
plectic form ω is homeomorphic to S1, see lines 20-25, page 627 in [40]. However,
it seems very difficult for us to verify the condition that Pω(ρ) is a Morse-Bott
manifold, meaning that C0 = {x(0) : x ∈ Pω(ρ)} is a compact submanifold M
and Tx0C0 = Ker(dφ1(x0) − Id) for every x0 ∈ C0, where φ1 is the time one flow
of K+ with respect to ω (not to ω0!). This condition is the key to make use of
Pozniak’s theorem. For this reason, we devise a different method to show Niche’s
result, which is a partial motivation of our work.
Theorem 1.6 (resp.Theorem 1.7) is a soft consequence of the invariance of Floer
homology under symplectic deformations (see Theorem 3.6 (resp. Theorem 3.8)).
As a result, to obtain periodic orbits one needs to bound the magnitude of the
weak exact 2-form in terms of H. To get rid of the dependence on H, we introduce
a class of Hamiltonian functions compactly supported in DRT
∗M , and show the
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finiteness of a symplectic capacity defined by it. To state this result, we need to put
more restrictive assumptions on H, and the capacity defined here is slightly differ-
ent from the Biran-Polterovich-Salamon (BPS) capacity (for the original definition
see [7, 51]). These additional constraints on the class of Hamiltonians to define the
capacity are natural because we will apply the Theorem 3.6 (resp. Theorem 3.8) to
two fixed Hamiltonians sandwiching at the same time the whole class of functions
to estimate the capacity, see Figure 4.
Let us denote Pα(H,σ; τ) the set of τ -periodic orbits of XH,σ representing α ∈
[S1,M ] (identifying S1 with R/(τZ)). We say a periodic orbit x ∈Pα(H,σ; τ) fast
if 0 < τ ≤ 1; otherwise, we say it slow. Let W be an open subset of T ∗M containing
M , and let U be an open subset of T ∗M with compact closure U¯ ⊂ W . Given a
number A > 0, denote by H (W,U,A) the class of smooth functions H : W → R
such that
(H0) H(x) ≤ 0, for all x ∈W ;
(H1) H is compactly supported in U ; and
(H2) infW H > −A.
Let M ⊂ V ⊂ U , where V is an open subset of T ∗M . For c ∈ (0, A], denote
Hc(W,U, V,A) :=
{
H ∈H (W,U,A)∣∣ sup
V
H ≤ −c}.
Then the restricted BPS capacity cˆBPS is defined as
cˆBPS(W,U, V,A;σ, α) = inf
{
c > 0
∣∣∀H ∈Hc(W,U, V,A), there is a fast periodic of H}.
Here we use the convention that inf ∅ =∞.
Remark 1.9. It is easy to check that if cˆBPS(W,U, V,A;σ, α) < ∞, then every
H ∈ H (W,U,A) satisfying supV H ≤ −cˆBPS(W,U, V,A;σ, α) has at least a fast
periodic orbit (with respect to the twisted symplectic form ωσ = ω0 + pi
∗σ) whose
projection to M represents α.
In what follows, let us denote UR := DRT
∗M , let V be an open subset of UR−ρ
containing M with 0 < ρ < R.
Theorem 1.10. Let (M, g) be a closed connected Riemannian manifold. Denote
V,A, ρ as above. Assume that σ ∈ P(M) and α ∈ [S1,M ] is any σ-atoroidal class.
If A > Rlα, then for any sufficiently small number  > 0 there exists a constant
δ0 = δ0(g, σ, α, V,A, ρ, ) > 0 such that for every δ ∈ (−δ0, δ0) it holds that
cˆBPS(UR, UR−ρ, V, A; δσ, α) ≤ Rlα + .
Theorem 1.11. Let (M, g) be a closed Riemannian manifold of negative curvature,
and let α ∈ [S1,M ] be a free homotopy class. Denote V,A, ρ as above, and denote
by σ any closed 2-form on M . If A > Rlα, then for any sufficiently small number
 > 0 there exists a constant δ0 = δ0(g, α, V,A, ρ, ) > 0 such that if |σ|g < δ0 then
we have
cˆBPS(UR, UR−ρ, V, A;σ, α) ≤ Rlα + .
Fix ρ0 ∈ (0, R − ρ) and take V = Uρ0 . By the definition of cˆBPS and a scaling
argument like in the proof of Proposition 5.2, one can obtain
δ · cˆBPS(UR, UR−ρ, Uρ0 , A;σ, α) = cˆBPS(UδR, Uδ(R−ρ), Uδρ0 , δA; δσ, α)
for any positive number δ. Combining this with Theorem 1.10 and Theorem 1.11
we have the following two theorems.
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Theorem 1.12. Let (M, g) be a closed connected Riemannian manifold. Denote
A, ρ0, ρ as above. Assume that σ ∈ P(M) and α ∈ [S1,M ] is any σ-atoroidal class.
If A > Rlα, then for any sufficiently small number  > 0 there exists a constant
δ0 = δ0(g, σ, α,A, ρ, ρ0, ) > 0 such that for any λ ∈ (0,+∞) it holds that
cˆBPS(UλR, Uλ(R−ρ), Uλρ0 , λA; δ0λσ, α) ≤ λ(Rlα + ).
Theorem 1.13. Let (M, g) be a closed Riemannian manifold of negative curvature,
and let α ∈ [S1,M ] be a free homotopy class. Denote A, ρ, ρ0 as above, and denote
by σ any closed 2-form on M . If A > Rlα, then for any sufficiently small number
 > 0 there exists a constant δ0 = δ0(g, α,A, ρ, ρ0, ) > 0 such that
cˆBPS(Uδ0R|σ|g , Uδ0(R−ρ)|σ|g , Uδ0ρ0|σ|g , δ0A|σ|g;σ, α) ≤ δ0(Rlα + )|σ|g.
Remark 1.14. In the definition of the restricted BPS capacity, one can also allow
H to be time-dependent. In this case, we require that Ht, t ∈ [0, 1] to be periodic
in time, conditions (H0)-(H2) hold uniformly for t ∈ S1, and that supS1×V H ≤
−c in the definition of Hc(W,U, V,A). Then one can show that Theorem 1.10 –
Theorem 1.13 still hold.
Like the Hofer-Zehnder capacity, the finiteness of restricted BPS capacity implies
almost existence of periodic orbits. Consider a proper1 smooth function
H : T ∗M → R
which is bounded from below. Then {H ≤ s} is compact, and hence {H < s}
is contained in DrT
∗M for some sufficiently large radius r = r(s). Suppose
that M ⊂ V¯ ⊂ {H < d}, where V is an open neighborhood of M in T ∗M .
Given ρ > 0 and T > d, let A > (r(T + ρ) + ρ)lα. Then the finiteness of
cˆBPS(Ur(T+ρ)+ρ, Ur(T+ρ), V, A; δσ, α) implies the following.
Theorem 1.15 (Almost existence theorem). Let (M, g) be a closed connected Rie-
mannian manifold. Assume σ ∈ P(M) and α ∈ [S1,M ] is a non-trivial σ-atoroidal
class. Let H : T ∗M → R be a proper smooth function bounded from below, and
denote d, V,A, T, ρ as above. Then there exists a constant δ0 = δ0(g, σ, α, V, T,A,
ρ) > 0 such that if δ ∈ (−δ0, δ0) then for almost all s ∈ [d, T ] the level set {H = s}
carries a periodic Hamiltonian orbit with respect to ωδσ = ω0 + δpi
∗σ whose projec-
tion to M represents α.
Similarly, for manifolds of negative curvature the finiteness of cˆBPS(Ur(T+ρ)+ρ,
Ur(T+ρ), V, A;σ, α) implies the following.
Theorem 1.16 (Almost existence theorem). Let (M, g) be a closed Riemannian
manifold of negative curvature, and let α ∈ [S1,M ] be any non-trivial free homotopy
class. Let H : T ∗M → R be a proper smooth function bounded from below. Denote
by σ any closed 2-form on M , and denote d, V,A, T, ρ as above. Then there exists
a constant δ0 = δ0(g, α, V, T,A, ρ) > 0 such that if |σ| < δ0 then for almost every
s ∈ [d, T ] the level set {H = s} carries a periodic Hamiltonian orbit with respect to
ωσ = ω0 + pi
∗σ whose projection to M represents α.
1A map is called proper if preimages of compact sets are compact.
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1.2. Applications. Recall that the Hamiltonian function Hg(q, p) = ‖p‖2g/2 is
said to be the standard kinetic energy on T ∗M , the Hamiltonian flow of XHg,σ on
T ∗M , called a twisted geodesic flow, describes the motion of a charge on M in the
magnetic field σ. For related results on the existence of periodic orbits of twisted
geodesic flows, we refer to the papers by Ginzburg and Gu¨rel [22, 23] using the
Floer theory for contractible periodic orbits, by Lu [37] applying pseudo symplectic
capacities for magnetic fields given by symplectic forms and by Frauenfelder and
Schlenk [18] using the spectral metric when the two-form σ is exact. Recently, As-
selle and Benedetti [2] showed that for almost all energy levels above the maximum
critical value of an autonomous Tonelli Hamiltonian there exists a periodic mag-
netic geodesic based on variational methods. By the same method, Abbondandolo,
Macarini, Mazzucchelli and Paternain [1] proved the existence of infinitely many
periodic orbits of exact magnetic flows on surfaces for almost every subcritical en-
ergy level. It is worth to mention that Ginzburg [21] also gave a counterexample
and showed the nonexistence of closed trajectories of Hg; see [20] for a more com-
prehensive survey. Numerous results about periodic orbits of the Hamitonian flow
in twisted cotangent bundles can be found in [16, 17, 25, 35, 36, 49, 53]. For Hg
the function r(s) can be taken as
√
2s. So by using Theorem 1.15 we obtain the
following.
Corollary 1.17. Let (M, g) be a closed connected Riemannian manifold. Assume
σ ∈ P(M) and α ∈ [S1,M ] is a non-trivial σ-atoroidal class. Then for 0 < d < T ,
there exists a positive constant δ0 = δ0(g, σ, α, d, T ) such that if δ ∈ (−δ0, δ0), then
for almost all s ∈ [d, T ] the energy level {Hg = s} carries a periodic orbit of XHg,δσ
whose projection to M represents α.
Similarly, Theorem 1.16 implies the following.
Corollary 1.18. Let (M, g) be a closed Riemannian manifold of negative curvature,
and let α ∈ [S1,M ] be any non-trivial free homotopy class. Denote by σ any
closed 2-form on M . Then for 0 < d < T , there exists a positive constant δ0 =
δ0(g, α, d, T ) such that if |σ|g < δ0, then for almost every s ∈ [d, T ] the energy level
{Hg = s} carries a periodic orbit of XHg,σ whose projection to M represents α.
Remark 1.19. The assertions of the above corollaries overlap with Merry’s re-
sults [38]. Indeed, Corollary 1.17 complements [38, Theorem 1.1] in the case that
magnetic field σ has no bounded primitive in the universal cover. On the other
hand, [38, Theorem 1.1] implies Corollary 1.18. Merry actually showed a stronger
result whenever M admits a metric g of negative curvature: for each d > 0 and
each nontrivial homotopy class α ∈ [S1,M ], there is a constant c = c(g, d) > 0 such
that for every s ∈ (d,∞) and every closed 2-form σ with |σ|g < c the energy level
{Hg = s} carries a periodic orbit of XHg,σ whose projection to M represents α.
Remark 1.20. When M is simply connected and σ is a non-exact closed 2-form
on M , our method in this paper does not apply to the twisted cotangent bundle
(T ∗M,ωσ) since ωσ is not weakly exact and hence the Floer action functional is
not single-valued any more in this case. Fortunately, very recently this weakly
exact assumption is removed in the context of a general symplectic cohomology for
magnetic cotangent bundles, see [6, 27]. In particular, the case M = S2 is also
considered in [6] by Benedetti and Ritter.
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The paper is organized as follows. In Section 2 we recall some background results
and definitions of the filtered Floer homology on the twisted cotangent bundle.
Section 3 is mainly devoted to prove the invariance of Floer homology for symplectic
deformations. Before the proof, the action spectrum properties (see Lemma 3.3 and
Lemma 3.4) are established in this section. The goal of Section 4 is to compute
the Floer homology in T ∗M with its canonical symplectic form ω0. In Section 5 we
prove the main theorems and discuss the flows without non-contractible periodic
orbits.
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2. Floer homology
2.1. Preliminaries. The Riemannian metric g on M induces a metric 〈·, ·〉 on TM
and a horizontal-vertical splitting of TT ∗M , together with isomorphisms
TzT
∗M = Thz T
∗M ⊕ T vz T ∗M ∼= TqM ⊕ T ∗qM ∼= TqM ⊕ TqM, z = (q, p) ∈ T ∗M.
The above splitting gives rise to the almost complex structure Jg on T
∗M repre-
sented by
Jg =
(
0 −I
I 0
)
. (2.1)
Recall that an almost complex structure J on a symplectic manifold (W,ω) is ω-
compatible if the bilinear form ω(·, J ·) defines a Riemannian metric on W . It is easy
to check that Jg is ω0-compatible for every Riemmanian metric g on M . Denote
Gg(·, ·) := ω0(·, Jg·). When W is a manifold with a Riemanian metric G, various
L∞-norms | · |G are defined by
|v|G := sup
x∈W
‖v(x)‖G ∀ v ∈ Γ(TW ), |θ|g := sup
x∈W
‖θ(x)‖g ∀ θ ∈ Ωk(W ),
|X|G := sup
x∈W
sup{‖X(x)v‖G
∣∣v ∈ TxW, ‖v‖G = 1} ∀ X ∈ Γ(End(TW )).
Let J (T ∗M) be the set of one-periodic almost complex structures on T ∗M with
finite | · |Gg -norm, and denote
J (ωσ) := {J ∈J (T ∗M) : J is ωσ-compatible on (T ∗M,ωσ)}.
Floer homology is the main tool utilized in this paper to prove the existence
of periodic orbits of the Hamiltonian flow in twisted bundles. To define the Floer
homology of compactly supported functions on a non-compact symplectically as-
pherical manifold we need to impose certain conditions on the manifold at infinity.
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Definition 2.1. We say that a symplectic manifold (W,ω) without boundary is
geometrically bounded if there exists an almost complex structure J and a complete
Riemannian metric g on W such that
(1) J is uniformly ω-tame, which means that for all tangent vectors X and Y
to M
ω(X, JX) ≥ κ1‖X‖2g and |ω(X,Y )| ≤ κ2‖X‖g‖Y ‖g
for some positive constants κ1 and κ2.
(2) the injectivity radius of (W, g) is bounded away from zero and the sectional
curvature of (W, g) is bounded from above.
Obviously, closed symplectic manifolds are geometrically bounded; a product of two
geometrically bounded sympletic manifolds is such a manifold. For a more detailed
discussion of this concept please refer to Chapters V (by J.-C. Sikorav) and X
(by M. Audin, F. Lalonde and L. Polterovich) in [3]. One can easily check that
manifolds convex at infinity, e.g., (R2m,
∑2m
i=1 dxi ∧ dyi) and the cotangent bundle
(T ∗M,ω0), are geometrically bounded. It is also well known that every twisted
cotangent bundle (T ∗M,ωσ) admits abundant almost complex structures such that
it is geometrically bounded (see [10, Proposition 2.2]). In general Jg /∈ J (ωσ).
However, Proposition 4.1 in [34] implies that there exists a constant ε0 = ε0(g) > 0
such that for all r ≥ ε0|σ|g,
J (ωσ) ∩BJg (r) 6= ∅,
where BJg (r) denotes the open ball of radius r about Jg in J (T
∗M). In fact,
Lu in [34] shows that for r ≥ ε0|σ|g we can find an almost complex structure in
J (ωσ) ∩ BJg (r) such that (T ∗M,ωσ) for the natural metric Gg is geometrically
bounded; see also [39]. This will be very useful in the proof of Theorem 3.6 and
Theorem 3.8 since we will use it to choose suitable almost complex structures to
estimate the energy of Floer cylinders and to ensure the necessary compactness of
moduli spaces of solutions of Floer equations on twisted cotangent bundles.
Finally let us note that the first Chern class satisfies c1(T
∗M,J) = 0 for each
J ∈ J (ωσ) since the twisted cotangent bundle (T ∗M,ωσ) admits a Lagrangian
distribution T vT ∗M (see [47, 39]).
2.2. The definition of filtered Floer homology. Let σ ∈ P(M), and let α ∈
[S1,M ] be a σ-atoroidal class. We denote H as the space of smooth compactly
supported Hamiltonian functions on S1×DRT ∗M . For c > 0 we denote by Hc the
subspace of all Hamiltonian functions H ∈ H satisfying supS1×M H ≤ −c. Let
LαT
∗M be the set of all 1-periodic loops x whose projections to M belong to LαM .
Fix a reference loop qα ∈ LαM . We define the action functional AH,σ : LαT ∗M →
R by
AH,σ(x) =
∫
S1
x∗λ−
∫
[0,1]×S1
w∗σ −
∫ 1
0
H(t, x)dt, (2.2)
where w : [0, 1]× S1 →M is any smooth map such that
w(0, t) = qα(t) and w(1, t) = pi(x(t)).
Since α is a σ-atoroidal class,
Aσ(q) :=
∫
[0,1]×S1
w∗σ ∀ q ∈ LαM
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is independent of the choice of w, and therefore AH,σ is well defined. It is easy to
check that the set CritAH,σ of critical points of AH,σ equals Pα(H,σ). The set of
values of AH,σ on Pα(H,σ) is called the action spectrum with respect to α, and
we denote it by
Sα(H,σ) = {AH,σ(x)
∣∣x ∈Pα(H,σ)}.
Consider the spaceH with the strong Whitney C∞-topology. Note that the action
spectrum Sα(H,σ) is a compact and measure zero subset of R for any H ∈H , and
is lower semicontinuous as a multivalued function of H ∈H (see [7, Section 4.4]).
For a, b ∈ R ∪ {±∞}, if a, b /∈ Sα(H,σ), we set
P(a,b)α (H,σ) = {x ∈Pα(H,σ)
∣∣a < AH,σ(x) < b}.
In order to define the filtered Floer homology associated to H,σ and α we need the
following nondegeneracy condition:
: (C) Every element x ∈ P(a,b)α (H,σ) is non-degenerate, that is, the linear map
dφH,σ1 (x(0)) does not have 1 as an eigenvalue, where φ
H,σ
1 is the time-one
map of the flow of XH,σ.
For any pair a < b we consider the class of admissible Hamiltonians by
H a,bσ;α = {H ∈H
∣∣a, b /∈ Sα(H,σ)}.
If α = 0, then every point in the complement of
⋃
t∈S1 supp(Ht) is a degenerate
1-periodic orbit of XH,σ with zero action of AH,σ. To avoid these trivial periodic
orbits, we require that 0 /∈ [a, b] whenever α = 0.
GivenH ∈H a,bσ;α satisfying nondegeneracy condition (C), for every x = (q(t), p(t)) ∈
P
(a,b)
α (H,σ) we define the index µ(x) = −µCZ(x) + ν(x) following the paper by
Weber [52]. Here µCZ(x) denotes the Conley-Zehnder index of x (see [45, 46]), and
ν(x) := 0 if the pullback bundle q∗TM over S1 is trivial and ν(x) := 1 otherwise.
Consider the Z2-vector space CF(a,b)α (H,σ)2 defined by
CF(a,b)α (H,σ) := CF
b
α(H,σ)/CF
a
α(H,σ), CF
a
α(H,σ) :=
⊕
x∈P(−∞,a)α (H,σ)
Z2x
graded by the index µ.
The Floer boundary operator is defined as follows. Let Jgb be an almost complex
structure such that (T ∗M,ωσ) is geometrically bounded. Denote by J the set
of smooth time-dependent ωσ-tame almost complex structures on T
∗M that are
compatible with ωσ near supp(H) and equal to Jgb outside some compact set.
Every Jt ∈ J give rises to a positive-definite bilinear form on LαT ∗M . Given
x± ∈ CF(a,b)α (H,σ) we denote by Mα(x−, x+, H, J, σ) the moduli space of smooth
solution u : R× S1 → T ∗M of the Floer differential equation
∂su+ Jt(u)(∂tu−XH,σ(u)) = 0 (2.3)
with the asymptotic boundary conditions
lim
s→±∞u(s, t) = x± and lims→±∞ ∂su(s, t) = 0 (2.4)
2We use the convention that the complex generated by the empty set is zero.
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uniformly in t ∈ S1. For every solution of (2.3) and (2.4) we have the energy
identity
E(u) :=
∫ ∞
−∞
∫ 1
0
ωσ(∂su, J∂su)dsdt = AH,σ(x−)−AH,σ(x+). (2.5)
Now we observe:
(i) The moduli space Mα(x−, x+, H, J, σ) is uniformly C0-bounded. This is
because H is compactly supported, and (T ∗M,ωσ) with Jgb is geometrically
bounded; see Chapter V in [3] or [10, 34].
(ii) Since ωσ is symplectically aspherical, no bubbling off of holomorphic spheres
can occur in T ∗M . From this fact, the energy identity (2.5) and (i) we
deduce that the moduli spaceMα(x−, x+, H, J, σ) is compact with respect
to C∞-convergence on compact sets.
(iii) For a dense subset Jreg(H,σ) ⊂ J , the linearized operator for equa-
tion (2.3) is surjective for each finite-energy solution of (2.3) in the ho-
motopy class α (see [15]).
For each H satisfying (C), each J ∈ Jreg(H,σ) and each pair x± ∈ CF(a,b)α (H,σ)
the moduli space Mα(x−, x+, H, J, σ) is an empty set or a smooth manifold of
dimension µ(x+) − µ(x−) = µCZ(x+) − µCZ(x−); see [45]. As usual, the Floer
boundary operator ∂ = ∂H,Jσ;α on CF
(a,b)
α (H,σ) is defined by
∂x− =
∑
x+∈CF(a,b)α (H,σ)
µ(x−)−µ(x+)=1
n(x−, x+)x+. (2.6)
Here n(x−, x+) stands for the number (mod 2) of elements in the setMα(x−, x+, H, J, σ)/R
(modulo time shift). The operator ∂ satisfies ∂ ◦ ∂ = 0, and the resulting Floer
homology groups
HF(a,b)α (H,σ) =
ker∂
im∂
(2.7)
are independent of the choice of J ∈ Jreg(H,σ).
Remark 2.2. It is unclear whether or not the Floer homology HF(a,b)α (H,σ) is
always independent of the choice of Jgb. It is independent of the choice of Jgb
whenever the set of almost complex structures for which (T ∗M,ωσ) is geometrically
bounded is connected.
Assume that a < b < c, 0 /∈ [a, c] and a, b, c /∈ Sα(H,σ). Then we have the exact
sequence of complexes
0→ CF(a,b)α (H,σ)→ CF(a,c)α (H,σ)→ CF(b,c)α (H,σ)→ 0. (2.8)
This induces the exact sequence at the homology level
· · · → HF(a,b)α∗ (H,σ)→ HF(a,c)α∗ (H,σ)→ HF(b,c)α∗ (H,σ)→ HF(a,b)α(∗−1)(H,σ)→ · · · .
(2.9)
2.3. Homotopic invariance. Suppose that H± ∈ H a,bσ;α satisfy (C) and x± ∈
Pα(H±, σ). Let Hs : R → H be a smooth homotopy connecting H− and H+
such that Hs = H− for s ≤ 0 and Hs = H+ for s ≥ 1. Consider the parameter-
dependent Floer equation
∂su+ J
s
t (u)(∂tu−XHst ,σ(u)) = 0 (2.10)
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which satisfies uniformly in t ∈ S1 the asymptotic boundary conditions
lim
s→±∞u(s, t) = x± and lims→±∞ ∂su(s, t) = 0. (2.11)
Here Jst : R → J is a regular homotopy of smooth families of almost complex
structures satisfying
• Jst = J−t ∈ Jreg(H−, σ) for s ≤ 0.
• Jst = J+t ∈ Jreg(H+, σ) for s ≥ 1.
• Jst is constant and and equals to Jgb outside some compact set of DRT ∗M .
• The linearized operator for equation (2.10) is surjective for each finite-
energy solution of (2.10) in the homotopy class α.
The moduli space Mα(x−, x+, Hs, Js, σ) of smooth solutions of (2.10) satisfying
the boundary conditions (2.11) is C∞loc-compact. A crucial ingredient for the proof
of the compactness is the following energy identity:
E(u) : =
∫ ∞
−∞
∫ 1
0
ωσ(∂su, J
s
t ∂su)dsdt
= AH−,σ(x−)−AH+,σ(x+)−
∫ ∞
−∞
∫ 1
0
(∂sH
s)(t, u(s, t))dsdt.(2.12)
For |H+ − H−| small enough we can define a chain map (being similar to the
argument in [7, Section 4.4])
Ψ˜σH+H− : CF
(a,b)
α (H
−, σ)→ CF(a,b)α (H+, σ)
which induces an isomorphism
ΨσH+H− : HF
(a,b)
α (H
−, σ)→ HF(a,b)α (H+, σ).
The isomorphism ΨσH+H− is independent of the choice of the homotopy H
s and Js
by a homotopy of homotopies argument; see [45, 46]. As a result, we can define the
Floer homology groups HF(a,b)α (H,σ) for any H ∈ H a,bσ;α by a small perturbation
since the Hamiltonians satisfying (C) for a < b are dense in H a,bσ;α .
2.4. Monotone homotopies. Let H,K ∈H a,bσ;α be two functions with H(t, x) ≤
K(t, x) for all (t, x) ∈ S1 × DRT ∗M . Choose a monotone homotopy s → Hs ∈
H from H to K such that ∂sHs ≥ 0 everywhere (Here we do not require Hs
to be in H a,bσ;α for every s ∈ [0, 1]). From the energy identity (2.12) we deduce
that such a homotopy induces a natural homomorphism, which is called monotone
homomorphism
ΨσKH : HF
(a,b)
α (H,σ)→ HF(a,b)α (K,σ). (2.13)
It is well known that these monotone homomorphisms are independent of the choice
of the monotone homotopy of Hamiltonians and satisfy the following properties (see,
e.g., [7, 14, 9, 46, 50]):
Lemma 2.3.
ΨσHH = id ∀ H ∈H a,bσ;α ,
ΨσKH ◦ΨσHG = ΨσKG
(2.14)
whenever G,H,K ∈H a,bσ;α satisfy G ≤ H ≤ K.
Lemma 2.4 (see [50] or [7, Section 4.5]). If Ks is a monotone homotopy from H
to K such that Ks ∈H a,bσ;α for every s ∈ [0, 1], then ΨσKH is an isomorphism.
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Remark 2.5. To simplify the notation, we omit the mark 0 whenever σ = 0, and
abbreviate, for example, AH,0, H
a,b
0;α , HF
(a,b)
α (H, 0) and Ψ
0
H+H− by AH , H
a,b
α ,
HF(a,b)α (H) and ΨH+H− respectively. All the above arguments in this section go
through word for word whenever the closed two-form σ vanishes identically . In
this case, there is no restriction on the free homotopy class α ∈ [S1,M ], and the
Floer homology for H ∈H a,bα defined here is exactly as that in Weber’s paper [51].
Indeed, Jg ∈J (ω0) is an almost complex structure such that (T ∗M,ω0) is convex
at infinity, and hence is geometrically bounded for Gg. Using [51, Proposition 2.3],
Weber defines the filtered Floer homology of a broader class of admissible Hamil-
tonians:
K a,bR;α :=
{
H ∈ C∞(S1 × T ∗M)∣∣∃τ ≥ 0 ∃c ∈ R such that Ht(q, p) = τ‖p‖g + c if
‖p‖g ≥ R with {a, b} ∩Sα(H) = ∅, and τ /∈ Λα or c /∈ [a, b]
}
which satisfies K a,bR;α ⊇ H a,bα . Here we emphasize that Lemma 2.4 also holds for
monotone homotopies in K a,bR;α; see [51]. This will be very useful to compute Floer
homology in Section 4.
3. Symplectic deformations of Floer homology
Floer’s work [11, 12, 13] tells us that Floer homology is a topological invariant
of a closed symplectically aspherical manifold on which different symplectic forms
give rise to the same Floer homology (up to isomorphisms). A direct proof of such
a fact can be found in the paper by Viterbo [50]. In this section, by following
the idea of Bae and Frauenfelder [4], we discuss the continuation homomorphisms
for symplectic deformations under additional hypotheses concerning the sympletic
forms. For related results about Floer homology under symplectic perturbations,
we refer to the paper by Ritter [43].
3.1. Quadratic isoperimetric inequality.
Lemma 3.1. Assume that σ ∈ P(M) and α ∈ [S1,M ] is a σ-atoroidal class. Then
for every q ∈ LαM we have∣∣Aσ(q)∣∣ ≤ 0(∫ 1
0
‖q˙(t)‖gdt
)2
+ 1,
where 0 = 0(M, g, σ) > 0 and 1 = 1(M, g, σ, α) > 0 are some constants.
This lemma is based on Lemma 2.7 in [4]; for a proof of it we refer to [16,
Lemma 3].
Remark 3.2. It is easy to check that P(M) is a linear space. Moreover, if σ ∈
P(M), for any δ ∈ R it holds that∣∣Aδσ(q)∣∣ ≤ |δ|0(∫ 1
0
‖q˙(t)‖gdt
)2
+ |δ|1,
where the constants 0 and 1 are given as in Lemma 3.1. By Remark 1.3, for every
closed Riemannian manifold (M, g) of negative curvature, the constants 0(M, g, σ)
and 1(M, g, σ, α) in Lemma 3.1 converge to zero as |σ|g → 0.
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3.2. Gap estimates for action spectrum.
Lemma 3.3. Let H ∈ H . Suppose that a ∈ R is not in the action spectrum
of AH . Then there exist some constants ε0 = ε0(H, g, σ, a, α) > 0 and δ0 =
δ0(H, g, σ, a, α) > 0 such that if |δ| < δ0, then [a− ε0, a+ ε0] ∩Sα(H, δσ) = ∅.
Proof. Arguing by contradiction, suppose that there is a sequence of number {δk}k∈N ⊆
R such that |δk| < 1/(k|σ|g) (if σ = 0 let δk = 0 for all k), and for every σk := δkσ
there exists some xk ∈Pα(H,σk), that is,
x˙k = XH,σk(t, xk) with xk(0) = xk(1), (3.1)
such that AH,σk(xk) = ak ∈ (a− 1/k, a+ 1/k). Since
ι(XH)ω0 = dHt = ι(XH,σk)ωσk = ι(XH,σk)ω0 + ι(XH,σk)pi
∗σk,
we deduce that
ω0
(
XH −XH,σk , Jg(XH −XH,σk)
)
= pi∗σk
(
XH,σk , Jg(XH −XH,σk)
)
,
where Jg is defined as in (2.1). Then we have
‖XH −XH,σk‖2Gg ≤ ‖σk‖g‖XH,σk‖Gg‖XH −XH,σk‖Gg
which implies that
‖XH −XH,σk‖Gg ≤ ‖σk‖g‖XH,σk‖Gg and ‖XH,σk‖Gg ≤
‖XH‖Gg
1− ‖σk‖g (3.2)
for |σk|g < 1. Combining this with the fact that H is compactly supported in
S1 × DRT ∗M we deduce that XH,σk is uniformly bounded, and hence xk(t) is
equicontinuous. Then, by Arzela-Ascoli theorem, passing to a subsequence, xk(t)
converges to some x0(t) in DRT
∗M . We claim that x0(t) is a Hamiltonian periodic
orbit of H for ω0. For k large enough, we may assume without loss of generality
that H is defined on R2n (by using some local coordinate near x0(t)). Now we only
need to prove
x0(t)− x0(0) =
∫ t
0
XH(s, x0(s))ds.
Note that
x0(t)− x0(0) = lim
k→∞
(xk(t)− xk(0)) = lim
k→∞
∫ t
0
x˙k(s)ds.
We compute
x0(t)− x0(0)−
∫ t
0
XH(s, x0(s))ds = lim
k→∞
∫ t
0
(
x˙k(s)−XH(s, x0(s))
)
ds
= lim
k→∞
∫ t
0
(
x˙k(s)−XH,σk(s, xk(s))
)
ds
+ lim
k→∞
∫ t
0
(
XH,σk(s, xk(s))−XH(s, xk(s))
)
ds
+ lim
k→∞
∫ t
0
(
XH(s, xk(s))−XH(s, x0(s))
)
ds.
In the last equality, the first term is zero due to (3.1), the second term is zero since
XH,σk uniformly converges to XH by (3.2) and the compactness of supp(H), and
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the third term is zero since xk(t) uniformly tends to x0(t). Let qk(t) = pi(xk(t)).
By lemma 3.1, we have∣∣Aσk(qk)∣∣ ≤ δk0(∫ 1
0
‖q˙k(t)‖gdt
)2
+ δk1
≤ δk0
(∫ 1
0
‖XH,σk‖Ggdt
)2
+ δk1 → 0 as k → 0.
(3.3)
It follows that
a = lim
k→∞
AH,σk(xk) = lim
k→∞
AH(xk)− lim
k→∞
Aσk(qk) = AH(x0)
which contradicts our assumption that a is not in the action spectrum of AH . 
By Remark 3.2, the proof of Lemma 3.3 implies
Lemma 3.4. Let (M, g) be a closed Riemannian manifold of non-positive cur-
vature, and let H ∈ H . Suppose that a ∈ R is not in the action spectrum of
AH , and that σ is any closed 2-form on M . Then there exists some constants
δ0 = δ0(H, g, a, α) > 0 and ε0 = ε0(H, g, a, α) > 0 such that if |σ|g < δ0, then
[a− ε0, a+ ε0] ∩Sα(H,σ) = ∅.
Remark 3.5. Under the hypotheses of Lemma 3.3, if, moreover, {Hk}k∈N ⊆ H
converges to H in the C∞-topology, then we conclude that there exists a positive
integer k0 > 0 such that [a−ε0, a+ε0]∩Sα(Hk, δσ) = ∅ for every δ satisfying |δ| <
δ0(H, g, σ, a, α) and every k ≥ k0. Similarly, under the hypotheses of Lemma 3.4,
if H 3 Hk C
∞
−→ H, then there exists a positive integer k0 > 0 such that if k ≥ k0
and |σ|g < δ0(H, g, a, α), then [a− ε0, a+ ε0] ∩Sα(Hk, σ) = ∅.
3.3. Invariance of Floer homology for symplectic deformations.
Theorem 3.6. Assume that H ∈H a,bα . Then the following holds.
(1): There exists a constant δ0 = δ0(H, g, σ, a, b, α) > 0 such that if |δ| < δ0, then
there is a continuation chain map
Ψ˜ωδσω0 : CF
(a,b)
α (H)→ CF(a,b)α (H, δσ)
which induces an isomorphism
Ψωδσω0 : HF
(a,b)
α (H)→ HF(a,b)α (H, δσ). (3.4)
(2): If K ∈H a,bα is another Hamiltonian function satisfying
H(t, x) ≤ K(t, x) ∀ (t, x) ∈ [0, 1]×DRT ∗M,
then for |δ| < min{δ0(H, g, σ, a, b, α), δ0(K, g, σ, a, b, α)} the following di-
agram commutes:
HF(a,b)α (H)
ΨKH−−−−→ HF(a,b)α (K)
Ψ
ωδσ
ω0
y yΨωδσω0
HF(a,b)α (H, δσ)
ΨδσKH−−−−→ HF(a,b)α (K, δσ)
(3.5)
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Proof. In what follows, we always assume that |σ|g 6= 0 (nothing needs to be proved
if σ = 0). Consider Hi ∈H a,bα , i = 0, 1, which satisfies
H0(t, x) ≤ H1(t, x) ∀ (t, x) ∈ [0, 1]×DRT ∗M.
By Lemma 3.3, there exist some constants εi = εi(Hi, g, σ, a, b, α) > 0 and δˆi =
δˆ(Hi, g, σ, a, b, α) > 0, i = 0, 1, such that for every δi ∈ (−δˆi, δˆi) it holds that
Sα(H
i, δiσ) ∩ [a− 2εi, a+ 2εi] = ∅ and Sα(Hi, δiσ) ∩ [b− 2εi, b+ 2εi] = ∅.
(3.6)
By a perturbation argument, we may assume that without loss of generality H0
and H1 satisfy the nondegeneracy condition (C) for ωδ0σ and ωδ1σ respectively. We
will show that there is a Floer chain map from CF(a,b)α (H
0, δ0σ) to CF(a,b)α (H
1, δ1σ)
which induces a homomorphism
Ψδ
1δ0
H1H0 : HF
(a,b)
α (H
0, δ0σ)→ HF(a,b)α (H1, δ1σ)
whenever |δi| (i = 0, 1) is small enough.
Let β : R → [0, 1] be a smooth cut-off function such that β = 0 for s ≤ 0,
β(s) = 1 for s ≥ 1 and 0 ≤ β′(s) ≤ 1. Set δs = (1 − β(s))δ0 + β(s)δ1 and
Hs = (1− β(s))H0 + β(s)H1. Let ωs = ω0 + δsσ, and let XωsHst be the Hamiltonian
vector field such that
dHst = ιXωs
Hst
ωs.
Then by (3.2) we have
|XωsHst |Gg ≤
|Xω0Hst |Gg
1− |δs||σ|g ≤ 2 min
{|Xω0
H0t
|Gg , |Xω0H1t |Gg
}
(3.7)
for |δ0|, |δ1| ≤ 1/(2|σ|g) (σ 6= 0). Let s → Js ∈ J (ωδsσ) ∩ BJg (ε0|δsσ|g) (recall
that ε0 is a constant given on page 10) be a homotopy of one-periodic almost
complex structures such that Jst = J
−
t ∈ Jreg(H0, δ0σ) for s ≤ 0, and Jst =
J+t ∈ Jreg(H1, δ1σ) for s ≥ 1. Such a choice of Js is possible because δs is
constant outside of [0, 1] and Proposition 4.1 in [34] can actually be extended to a
parametric version for a family of twisted symplectic forms ωσs with s belonging to
some compact interval since those almost complex structures constructed there are
canonical with respect to a choice of metric. For every (s, t) ∈ R × S1 and every
X,Y ∈ TT ∗M , we have
ωs(X, JstX) = ω0(X, JgX) + ω0(X, (J
s
t − Jg)X) + δspi∗σ(X, JstX)
≥ ‖X‖2Gg − |Jst − Jg|Gg‖X‖2Gg − |δs||σ|g|Jst |Gg‖X‖2Gg
≥ (1− ε0|δs||σ|g − (1 + ε0|δs||σ|g)|δs||σ|g)‖X‖2Gg
≥ 1
2
‖X‖2Gg (3.8)
provided |δ0|, |δ1| ≤ (6ε0 + 4)−1|σ|−1g , and it holds that
|ωs(X,Y )| ≤ 5
3
‖X‖Gg‖Y ‖Gg . (3.9)
Therefore Js is a 1-periodic almost complex structure for which (T ∗M,ωs) for the
natural metric Gg is geometrically bounded for every s ∈ R and every t ∈ S1.
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Given x ∈ Pα(H0, δ0σ) and y ∈ Pα(H1, δ1σ), consider u : R × S1 → T ∗M
satisfying the following equation
∂su+ J
s
t (u)(∂tu−Xω
s
Hst
(u)) = 0 (3.10)
with the asymptotic boundary conditions
lim
s→−∞u(s, t) = x, lims→+∞u(s, t) = y and lims→±∞ ∂su(s, t) = 0. (3.11)
Here we emphasize that {Jst } is also chosen such that solutions of (3.10) and (3.11)
are transverse (the associated linearized operators are surjective) by a perturbation
argument; see [15]. Now we can define a map
Ψ˜δ
1δ0
H1H0 : CF
(a,b)
α (H
0, δ0σ)→ CF(a,b)α (H1, δ1σ)
given by
Ψ˜δ
1δ0
H1H0(x) =
∑
µ(x)=µ(y)
#2Mα(x, y,Hs, Js, ωs)y,
where the space Mα(x, y,Hs, Js, ωs) consists of solutions of (3.10) and (3.11),
and #2 denotes the number of elements modulo two. Since ωs is symplectically
aspherical for every s ∈ R, there is no bubbling. Then in order to obtain the
compactness of Mα(x, y,Hs, Js, ωs), we need certain energy estimations. Write
AH,δ(s)σ(u(s, ·)) =
∫
S1
u(s, ·)∗λ−Aδ(s)σ(q(s, ·))−
∫ 1
0
H(t, u(s, t))dt,
where q(s, t) is the projection of u(s, t) ∈ T ∗M to M for every (s, t) ∈ R × S1.
Then we compute
AH1,δ1σ(y)−AH0,δ0σ(x) =
∫ ∞
−∞
d
ds
AH,δ(s)σ(u(s, ·))ds
= −
∫ ∞
−∞
∫ 1
0
ωs(∂su, J
s
t ∂su)dsdt−
∫ ∞
−∞
∫ 1
0
∂sH
s
t (u(s, t))dsdt.
−
∫ ∞
−∞
(δ1 − δ0)β′(s)Aσ(q(s, ·))ds. (3.12)
By Lemma 3.1 we estimate
∣∣Aσ(q(s, ·))∣∣ ≤ 0(∫ 1
0
‖∂tq(s, t)‖gdt
)2
+ 1
≤ 0
∫ 1
0
‖∂tq(s, t)‖2gdt+ 1
≤ 0
∫ 1
0
‖∂tu(s, t)‖2Ggdt+ 1 (3.13)
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for some positive constants 0 = 0(g, σ) and 1 = 1(g, σ, α). By (3.7) and (3.10)
we have
‖∂tu‖2Gg = ‖Jst (u)∂su+Xω
s
Hst
(u)‖2Gg
≤ 2(‖Jst (u)∂su‖2Gg + ‖XωsHst (u)‖2Gg)
≤ 2(|Jst |Gg‖∂su‖2Gg + C0)
≤ 2
(
4
3
‖∂su‖2Gg + C0
)
(3.14)
for |δ0|, |δ1| ≤ (6ε0+4)−1|σ|−1g . Here C0 := C0(H0, H1, g) = 4 min{|Xω0H0 |2Gg , |Xω0H1 |2Gg}.
Plugging (3.8) into (3.14), we arrive at
‖∂tu‖2Gg ≤
16
3
ωs(∂su, J
s
t ∂su) + 2C0. (3.15)
Combining (3.13) and (3.15) leads to∣∣Aσ(q(s, ·))∣∣ ≤ 160
3
∫ 1
0
ωs(∂su, J
s
t ∂su)dt+ 20C0 + 1. (3.16)
Hence, ∣∣∣∣ ∫ ∞−∞ β′(s)Aσ(q(s, ·))ds
∣∣∣∣ = ∣∣∣∣ ∫ 1
0
β′(s)Aσ(q(s, ·))ds
∣∣∣∣
≤ C1
∫ ∞
−∞
∫ 1
0
ωs(∂su, J
s
t ∂su)dsdt+ C2, (3.17)
where C1 = 160/3 and C2 = 20C0 + 1. Then by (3.12) we obtain
(1− δC1)
∫ ∞
−∞
∫ 1
0
ωs(∂su, J
s
t ∂su)dsdt ≤ AH0,δ0σ(x)−AH1,δ1σ(y) + δC2
−
∫ ∞
−∞
∫ 1
0
∂sH
s
t (u(s, t))dsdt,(3.18)
with δ = (|δ0|+ |δ1|).
Denote ε := min{ε0, ε1}, and set
δ0 := δ0(H
0, H1, g, σ, a, b, α) := min
{
δˆ0, δˆ1,
1
(6ε0 + 4)|σ|g ,
1
2C1
,
ε
2C2
}
.
For brevity, hereafter we drop the explicit dependence on a, b in the notation δ0.
Then for |δi| < δ0 the Floer map from CFα(H0, δ0σ) to CFα(H1, δ1σ) defined by
the solutions of (3.10) preserves the subcomplexes CFaα and CF
b
α (since ∂sH
s =
β˙(s)(H1−H0) ≥ 0). Therefore, the solutions of (3.10) give rise to the continuation
map Ψ˜δ
1δ0
H1H0 . By a standard gluing argument in Floer homology theory, Ψ˜
δ1δ0
H1H0
commutes with the boundary operators. Hence Ψ˜δ
1δ0
H1H0 is a chain map which induces
a homomorphism
Ψδ
1δ0
H1H0 : HF
(a,b)
α (H
0, δ0σ)→ HF(a,b)α (H1, δ1σ).
Suppose that
Ψδ
2δ1
H2H1 : HF
(a,b)
α (H
1, δ1σ)→ HF(a,b)α (H2, δ2σ)
20 WENMIN GONG
is another homomorphism defined as above ifH1 ≤ H2 and |δ1|, |δ2| < δ0(H1, H2, g,
σ, α). By a homotopy-of-homotopies argument, we have the following commutative
diagram
HF(a,b)α (H
0, δ0σ)
Ψδ
2δ0
H2H0 //
Ψδ
1δ0
H1H0
((RR
RRR
RRR
RRR
RR
HF(a,b)α (H
2, δ2σ)
HF(a,b)α (H
1, δ1σ)
Ψδ
2δ1
H2H1
66lllllllllllll
(3.19)
for |δ0|, |δ1|, |δ2| < min{δ0(H0, H1, g, σ, α), δ0(H1, H2, g, σ, α), δ0(H0, H2, g, σ, α)}.
If Hs ≡ H ∈H a,bα , then for |δ1|, |δ2| < δ0(H,H, g, σ, α) we can define the map
Ψδ
0δ1
HH : HF
(a,b)
α (H, δ
1σ)→ HF(a,b)α (H, δ0σ).
Since ΨδδHH is an isomorphism for every δ ∈ R and every H ∈ H a,bδσ;α, we deduce
from (3.19) with δ0 = δ2 that the homomorphism
Ψδ
1δ0
HH : HF
(a,b)
α (H, δ
0σ)→ HF(a,b)α (H, δ1σ) (3.20)
is an isomorphism with inverse Ψδ
0δ1
HH for |δ0|, |δ1| < δ0(H,H, g, σ, α).
Now we are in a position to prove Theorem 3.6. Denote
δ0(H, g, σ, α) := δ0(H,H, g, σ, α).
Let δ0 = 0 and δ1 = δ with |δ| < δ0(H, g, σ, α) for every H ∈H a,bα , and denote
Ψωδσω0 := Ψ
δ1δ0
HH : HF
(a,b)
α (H)→ HF(a,b)α (H, δσ).
Then statement (1) follows from the isomorphism (3.20) immediately. Notice that
min{δ0(H, g, σ, α), δ0(K, g, σ, α)} ≤ δ0(H,K, g, σ, α).
For |δ| < min{δ0(H, g, σ, α), δ0(K, g, σ, α)} we deduce from (3.19) that the homo-
morphism
Ψδ0KH : HF
(a,b)
α (H)→ HF(a,b)α (K, δσ)
satisfies Ψδ0KH = Ψ
δσ
KH◦Ψωδσω0 with (H0, δ0) = (H, 0), (H1, δ1) = (H, δ) and (H2, δ2) =
(K, δ), and Ψδ0KH = Ψ
ωδσ
ω0 ◦ ΨKH with (H0, δ0) = (H, 0), (H1, δ1) = (K, 0) and
(H2, δ2) = (K, δ). So ΨδσKH ◦ Ψωδσω0 = Ψωδσω0 ◦ ΨKH . The proof of statement (2) is
completed. 
Remark 3.7. The quadratic isoperimetric inequality in Lemma 3.1 plays an es-
sential role in the proof of the above theorem. A careful inspection of the proof of
Theorem 3.6 shows that one could obtain the desired various estimations whenever
the term Aσ associated to σ ∈ P(M) is well controlled. In fact, when the under-
lying closed manifold M admits a metric g of negative curvature, Theorem 3.6 can
be upgraded to the following theorem.
Theorem 3.8. Let (M, g) be a closed Riemannian manifold of negative curvature,
and let α ∈ [S1,M ] be a free homotopy class. Assume that H ∈ H a,bα and that σ
is any closed 2-form on M . Then there exists a constant δ0 = δ0(H, g, a, b, α) > 0
such that if |σ|g < δ0, then there is a continuation chain map
Ψ˜ωσω0 : CF
(a,b)
α (H)→ CF(a,b)α (H,σ)
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which induces an isomorphism
Ψωσω0 : HF
(a,b)
α (H)→ HF(a,b)α (H,σ). (3.21)
Moreover, if K ∈H a,bα is another Hamiltonian function satisfying
H(t, x) ≤ K(t, x) ∀ (t, x) ∈ [0, 1]×DRT ∗M,
then for |σ|g < min{δ0(H, g, a, b, α), δ0(K, g, a, b, α)} the following diagram com-
mutes:
HF(a,b)α (H)
ΨKH−−−−→ HF(a,b)α (K)
Ψωσω0
y yΨωσω0
HF(a,b)α (H,σ)
ΨσKH−−−−→ HF(a,b)α (K,σ)
(3.22)
Proof. Firstly, Remark 1.5 implies that under the hypotheses of Theorem 3.8 the
filtered Floer homology HF(a,b)α (H,σ) can be defined as in Subsection 2.2. As
Remark 3.7 points out, the proof of Theorem 3.6 for σ-atoroidal class α goes through
verbatim with only a minor modification. Here we just mention that in order to
obtain the corresponding energy estimations we need to replace Lemma 3.3 by
Lemma 3.4 and use the fact that the constants 0 and 1 in Lemma 3.1 converge to
zero as |σ|g → 0 (see Remark 3.2).

4. Computations of Floer homology
In this section we will closely follow the paper by Weber [51] to construct two
sequences of Hamiltonian functions compactly supported in DRT
∗M and compute
their Floer homologies for T ∗M endowed with the canonical symplectic form ω0 =
−dλ.
4.1. Radial Hamiltonians. Let Hf : T ∗M → R be an autonomous function of
the form
Hf (q, p) = f(‖p‖g) ∀(q, p) ∈ T ∗M,
where f : R→ R is a smooth function such that f(r) = f(−r). Then the set of the
critical points of AHf is given by
Pα(H
f ) :=
{
z = (q, p) ∈ C∞(S1, T ∗M)∣∣q(t) is a geodesic in the class α,
l := ‖q˙‖g, p(t) = ±r
l
q˙(t), where r > 0 satisfies f ′(r) = ±l}.
Moreover, for each z ∈Pα(Hf ) it holds that AHf (z) = f ′(r)r − f(r), that is, the
value of the action functional AHf at z is equal to the minus y-intercept of the
tangential line of the graph y = f(x) at x = r.
4.2. The action functional on free loop space. The action functional E on
LαM is defined by
E (q) =
1
2
∫ 1
0
‖x˙(t)‖2gdt.
It is not hard to check that a loop q ∈ LαM is a critical point of E if and only if q
is a 1-periodic geodesic representing α. Given a ∈ R, denote
LaαM := {q ∈ LαM
∣∣E (q) ≤ a}.
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For a ≤ b the natural inclusion
ιba : LaαM ↪→ LbαM
induces the homomorphism
[ιba] : H∗(LaαM)→ H∗(LbαM).
Here H∗(LaαM) denotes the singular homology with Z2-coefficients of the sublevel
set LaαM .
Remark 4.1. The homomorphism [ιba] is nonzero whenever lα ≤ a ≤ b.
4.3. Two families of profile functions. Fix c > 0 and pick a ∈ (0, c] with
a/R /∈ Λα. Since the marked length spectrum Λα ⊆ R is a closed and nowhere
dense subset, there is a dense subset ∆ of (0, a/c) such that for every η ∈ ∆ it
holds that
νη :=
1
R
[
a
η
− (c− a)
]
∈ (a/R,∞) \ Λα.
Fix η ∈ ∆, using the conventions sup ∅ = 0 and inf ∅ =∞, we define
l0 := inf(Λα ∩ (a/R,∞)), l− = l−(η) := sup((0, νη) ∩ Λα),
l+ = l+(η) := inf((νη,∞) ∩ Λα), l1 = l1(η) := νη+l−2 .
Clearly, we have
(a/R, l0) ∩ Λα = ∅, (l−, l+) ∩ Λα = ∅ and 0 ≤ l− < l1 < νη < l+ ≤ ∞.
Denote
rk1 :=
(k−1)R
k +
3
16k
(
R− al0
)
, rk2 := R− 316k
(
R− al0
)
,
λk(x) := ak
x−R+(3/(16k))(R−a/l0)
R−(3/8)(R−a/l0) , k ∈ N.
Here let us remark that νη, l+(η), l1(η) → +∞ as η → 0, and rk1, rk2 → R as
k →∞.
Figure 1. Sequence A of profile functions
Sequence A of profile functions: Choose a sequence of smooth functions fk
(see Figure 1) by smoothing out a sequence of piecewise linear functions fˆk, which
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are given by
fˆk(x) :=
 λk(rk1/2) if x ∈ [0, rk1/2),λk(x) if x ∈ [rk1/2, rk2),
0 if x ∈ [rk2,+∞).
Each fk is required to coincide with fˆk away from sufficiently small neighbourhoods
of rk1/2 and rk2. In particular, graphfk equals graphfˆk in the region that lies
below the line x→ ax/R− a and above the line x→ −a (grey region in Figure 1).
Besides, we require that f ′k ≥ 0 everywhere, f ′′k ≥ 0 near rk1/2, f ′′k ≤ 0 near rk2,
and f ′′k = 0 elsewhere. Since a/R < a/rk2 < l0, the slope of the unique tangent of
the graph of fk through the point (0,−a) lies in the interval (a/R, l0). It follows
that a /∈ Sα(Hfk).
Figure 2. Sequence B of profile functions
Sequence B of profile functions: Let ηk ∈ ∆ be a sequence of numbers such
that ηk → 0 as k →∞. Denote
Tk := max{0, l1(ηk)R− a}, τk := a
ηkR
and rk :=
ηkR(Tk + c)
a
.
Note that Tk → +∞ and τk → +∞ as k →∞, and that 0 ≤ rk ≤ R. Consider the
piecewise linear curve Γ in R2:
∀ Γ 3 (x, y) =

(
x, τkx− c
)
if x ∈ [0, rk],
(x, Tk) if x ∈ [rk, R],
(R, y) if y ∈ [0, Tk].
Smoothing out this piecewise linear curve near its corners we obtain a sequence
of smooth functions hk (see Figure 2). Here every hk is also required to satisfy
h′′k ≥ 0 near the point (0,−c) and h′k(0) = h′k(1) = 0. We claim that a /∈ Sα(Hhk).
In fact, the action of Ahk at some one-periodic orbit is positive if and only if the
y-intercept of the tangential line of graph hk at the corresponding point is negative.
This happens in two clusters. The slope of the tangent of any point in one of those
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clusters passing through the point (0,−a) lies in the interval (l−, l+). The other
cluster is located near the point (0,−c), at which the y-intercepts of the tangential
lines of graphfk are less than −c. So (l−, l+) ∩ Λα = ∅ implies that a /∈ Sα(Hhk).
Proposition 4.2. Fix 0 < a ≤ c with a/R /∈ Λα, and choose ηk ∈ ∆ satisfying
ηk → 0 as k → 0. Let {fk}k∈N and {hk}k∈N be two sequences of those functions
constructed above. Choose k ∈ N sufficiently large so that fk(0) ≤ −c and fk ≤ hk.
Set µk := νηk . Then there exist natural isomorphisms
Θfk : HF
(a,+∞)
α (H
fk)→ H∗(La2/(2R2)α M) (4.1)
and
Θhk : HF
(a,+∞)
α (H
hk)→ H∗(Lµ
2
k/2
α M) (4.2)
such that the following diagram commutes:
HF(a,+∞)α (H
fk)
Ψhkfk−−−−→ HF(a,+∞)α (Hhk)
Θfk
y' 'yΘhk
H∗(La
2/(2R2)
α M)
[ι
µ2k/2
a2/(2R2)
]
−−−−−−−→ H∗(Lµ
2
k/2
α M)
(4.3)
The proof of proposition 4.2 is standard, which can be completed by mimicking
that of [51, Theorem 3.1]. Indeed, in Weber’s paper [51] he gives the above result
with R = 1 but by a rescaling argument one gets the result for general R > 0.
The basic idea is to deform fk and hk by monotone homotopies to convex radial
functions so that Theorem [51, Theorem 2.9] can be applied. Full details can be
found in Appendix 6.
5. Proofs of the main theorems and remarks.
Figure 3. The function H
5.1. Proof of Theorem 1.6.
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Proof. Let c = − supS1×M H. Then c > Rlα. Choose a ∈ [Rlα, c] so that a/R /∈
Λα. Then we can construct two sequences of functions {fk}k∈N and {hk}k∈N as in
Section 4.3. For sufficiently large k it follows that
Hfk ≤ H ≤ Hhk
as illustrated in Figure 3. Fix such an integer k = k(H). Then by Proposition 4.2
we have the commutative diagram (4.3).
So the monotone homomorphism Ψhkfk is nonzero due to our assumption that
µk ≥ a/R ≥ lα; see Remark 4.1. Applying Theorem 3.6 to the Hamiltonians
Hfk and Hhk , there exist positive constants δ1 = δ1(H
fk , g, σ, a, α) and δ2 =
δ2(H
hk , g, σ, a, α) such that if |δ| < δ0 := min{δ1, δ2}, then we have the follow-
ing commutative diagram
HF(a,+∞)α (H
fk)
Ψhkfk−−−−→ HF(a,+∞)α (Hhk)
Ψ
ωδσ
ω0
y yΨωδσω0
HF(a,+∞)α (H
fk , δσ)
Ψδσhkfk−−−−→ HF(a,+∞)α (Hhk , δσ)
(5.1)
Combining (4.3) and (5.1) we deduce that for |δ| < δ0 the monotone homomorphism
Ψδσhkfk is also nonzero. Given δ ∈ (−δ0, δ0), choose a sequence of Hamiltonian func-
tions Hi ∈H such that Hi satisfy the non-degeneracy condition (C) and converge
to H in C∞ topology, Hfk ≤ Hi ≤ Hhk , a /∈ Sα(Hi, δσ) and supS1×M Hi < −Rlα.
Then, by Lemma 2.3, the non-trivial homomorphism Ψδσhkfk factors through the
Floer homology group HF(a,+∞)α (Hi, δσ). Hence there exists a sequence of peri-
odic orbits xi ∈ Pα(Hi, δσ) such that AHi,δσ(xi) > a. Passing to a converging
subsequence, we get a periodic orbit x ∈Pα(H, δσ) with AH,δσ(x) ≥ a.

5.2. Proof of Theorem 1.7.
Proof. Consider the Hamiltonian function defined by
H¯(t, x) := −H(−t, x) ∀ (t, x) ∈ S1 ×DRT ∗M.
Let C(α) = Rlα. Obviously, x(t) is a periodic orbit of H representing −α if and
only if x(−t) is a periodic orbit of H¯ representing α, and it holds that
sup
S1×M
H¯ ≤ −C(α).
Imitating the proof of Theorem 1.6 with replacing Theorem 3.6 by Theorem 3.8
concludes the proof of Theorem 1.7.

5.3. Proofs of Theorem 1.10 and Theorem 1.11. The idea of the proof of
Theorem 1.10 is the same as that of Theorem 1.6, while the difference between the
two proofs is that one can squeeze uniformly a class of functions (whose graphs lie
in the grey region in Figure 4 and on the line y = 0, x ≥ R − ρ) from above and
below in the proof of Theorem 1.10. The proof of Theorem 1.11 is similar to that
of Theorem 1.10. Here we only show the latter.
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Figure 4. A class of functions
Proof. Let  > 0 be an arbitrary number in (0, A−Rlα) and set c = Rlα+. Pick a =
a() ∈ [Rlα, c] so that a/R /∈ Λα. Construct two sequences of functions {fk}k∈N and
{hk}k∈N as in Section 4.3. Then there exists an integer k0 = k0(g, σ, α, V,A, ρ, ) > 0
such that
Hfk0 ≤ H ≤ Hhk0
for every H ∈Hc(UR, UR−ρ, V, A). Following the proof of Theorem 1.6 shows that
there exists a constant
δ0 := δ0(g, σ, α, V,A, ρ, ) > 0
such that if |δ| < δ0 then every H ∈ Hc(UR, UR−ρ, V, A) admits a 1-periodic
Hamiltonian orbit with respect to the twisted symplectic form ωδσ whose pro-
jection to M represents α. Therefore, by definition, for each δ ∈ (−δ0, δ0) we have
cˆBPS(UR, UR−ρ, V, A; δσ, α) ≤ Rlα + .

5.4. Proofs of Theorem 1.15 and Theorem 1.16. The key to the proofs of
Theorem 1.15 and Theorem 1.16 is the following monotonicity of the restricted
BPS capacity.
Proposition 5.1. Let W1,W2 be open subsets of T
∗M containing M , V2 ⊂ V1 ⊂
U1 ⊂ U2, W1 ⊂W2 and 0 < A1 ≤ A2, where Wi, Ui, Vi, i = 1, 2 are open subsets of
T ∗M and Ui have compact closure U¯i ⊂Wi. Then it holds that
cˆBPS(W1, U1, V1, A1;σ, α) ≤ cˆBPS(W2, U2, V2, A2;σ, α).
Our proof of Theorem 1.15 is an adaption of the standard almost existence
theorem (see [31, Section 4.2] or [44]). For the sake of completeness we shall give
a proof of Theorem 1.15. The proof of Theorem 1.16 is nearly identical to that of
Theorem 1.15, we omit it here.
Proof. Along the lines of [31, Section 4.2], we proceed in 3 steps.
Step 1. By our assumption, the sublevel {H < s} is contained in Ur(s), where
r : R → (0,∞) is a nondecreasing function. Consider the monotone functions
cˆδ : [d, T ]→ [0,∞] defined by
cˆδ(s) := cˆBPS(Ur(T+ρ)+ρ, {H < s}, V, A; δσ, α).
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Theorem 1.10 implies that there exists a constant δ0 := δ0(g, σ, α, V,A, T, ρ) > 0
such that if |δ| < δ0 then
cˆBPS(Ur(T+ρ)+ρ, Ur(T+ρ), V, A; δσ, α) < A
provided A > (r(T + ρ) + ρ)lα. Then we deduce from Proposition 5.1 that
cˆδ(s) ≤ cˆδ(T + ρ) ≤ cˆBPS(Ur(T+ρ)+ρ, Ur(T+ρ), V, A; δσ, α) < A ∀s ∈ [d, T + ρ],
where |δ| < δ0(g, σ, α, V,A, T, ρ). Fix δ ∈ (−δ0, δ0). So Lebesgue’s last theorem
implies that the function cˆδ is differentiable at almost every point in the sense of
measure theory. Suppose that s0 ∈ [d, T ] is a regular value of H and cˆδ is Lipschitz
continuous at s0. Then, by the implicit function theorem, S0 := H
−1(s0) is a
hypersurface in T ∗M , which is compact and bounds the sublevel set B0 := {H <
s0} since H is proper and bounded below. By the implicit function theorem again
and compactness of S0, one can find a parameterized family of hypersurfaces Sε in
T ∗M with Sε = H−1(s0 + ε) such that
c(ε) ≤ c(0) + Lε, c(ε) := cˆδ(s0 + ε)
for 0 ≤ ε ≤ η, where L and η are positive constants. By choosing η smaller, let
us require that η < min{ρ, (A − c(0))/(2L)} (A > c(0) by our assumption). For
0 < ε ≤ η, let us denote Bε := {H < s0 + ε}, then Bε ⊂ {H < T + ρ} ⊂ Ur(T+ρ).
Fixing ς ∈ (0, η], we define a smooth function f : R→ [−2Lς, 0] by
f(s) = −2Lς if s ≤ 0
f(s) = 0 if s ≥ ς2
0 < f ′(s) ≤ 8L if 0 < s < ς2 .
By the definition of the restricted BPS capacity cˆδ(s0) = c(0), there exists a Hamil-
tonian function G ∈H (Ur(T+ρ)+ρ, B0, A) such that
− c(0) < sup
V
G ≤ −(c(0)− Lς) and Pα(G, δσ; τ) = ∅ ∀ 0 < τ ≤ 1. (5.2)
Otherwise, c(0) = cˆδ(s0) ≤ c(0)− Lς which contradicts with the fact that Lς ≥ 0.
Now we constructed a new function G˜ by cutting off G without creating new fast
periodic orbits. More precisely, let χ : [−c(0) − ,−c(0) + ] → R be a function
with 0 ≤ χ′ ≤ 1 such that χ(t) = −c(0) for t near the left endpoint of the interval
and χ(t) = t for t near the right endpoint of the interval, where  > 0 is sufficiently
small so that −c(0) +  < supV G. Set
G˜(x) :=
 −c(0) if G(x) ≤ −c(0)− ,χ(G(x)) if − c(0)−  ≤ G(x) ≤ −c(0) + ,
G(x) if − c(0) +  ≤ G(x).
The new non-positive function G˜ compactly supported in B0 satisfies
Pα(G˜, δσ; τ) = ∅ ∀ 0 < τ ≤ 1
since |χ′| ≤ 1. Furthermore, supV G˜ ≤ −(c(0)−Lς) and infB0 G˜ ≥ −c(0). Consider
the compactly supported Hamiltonian function K ∈ C∞(Bς) defined by
K(x) = G˜(x)− 2Lς if x ∈ B0
K(x) = f(ε) if x ∈ Sε, 0 ≤ ε < ς
K(x) = 0 if x /∈ Bς .
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The function K satisfies
sup
V
K = sup
V
G˜− 2Lς ≤ −(c(0)− Lς)− 2Lς ≤ −c(ς) and
inf
Bς
K = inf
B0
G˜− 2Lς > −c(0)− 2Lη > −A.
The definition of the restricted BPS capacity c(ς) shows that K has a fast periodic
orbit x with respect to ωδσ whose projection to M represents α. We claim that x
cannot intersect B0. Indeed, if x intersects B0 then it stays completely inside B0
since B0 is invariant under the flow of K. This is impossible because the flows of
K and G˜ on B0 coincide and G˜ does not have fast periodic orbits. Since α 6= 0, the
fast periodic orbit x whose projection represents α is nontrivial. As a consequence,
x must be contained in Bς \B0, and hence it lies on Sε for some 0 < ε < ς.
Step 2. Step 1 works for every ς ∈ (0, η]. Choosing a sequence ςj → 0, one can
find sequences Kj and εj , and a corresponding sequence xj(t) of periodic orbits of
XKj ,δσ having periods 0 < τj ≤ 1 and lying on Sεj with εj → 0. Consider the
Hamiltonian H on the set
U =
⋃
ε∈(−η,η)
Sε.
Obviously, if x ∈ Sε then H(x) = s0 + ε and Kj(x) = fj(ε) = fj(H(x) − s0). By
construction, the periodic orbits xj solve the equations
x˙j(t) = f
′
j(εj)XH,δσ
(
xj(t)
)
xj(0) = x(τj)
with the periods 0 ≤ τj ≤ 1. Normalizing the periods to 1 we define the functions
yj(t) = xj
(
τjt
) ∀t ∈ [0, 1]
which solve the Hamiltonian equations
y˙j(t) = f
′
j(εj)τjXH,δσ(yj(t)) and H
(
yj(t)
)
= εj .
Step 3. By construction, f ′j ≤ 8L and hence f ′j(εj)τj are bounded. This observa-
tion is very useful for us to obtain a periodic orbit on S0. Indeed, we first note that
the hypersurfaces Sεj are contained in the compact set Bη, hence the functions xj
are uniformly bounded. For all t ∈ S1 and all j ∈ N we estimate
‖y˙j(t)‖Gg = |f ′j(εj)τj | · ‖XH,δσ
(
xj(t)
)‖Gg ≤ 8L sup
x∈Bη
‖XH,δσ‖Gg .
Then, by Arzela-Ascoli theorem, passing to subsequences, f ′j(εj)τj converges to
some τ ≥ 0 and yj(t) converges in C0-topology, and, by making use of the equations,
even converges in C∞-topology to a smooth 1-periodic solution y of the equation
y˙(t) = τXH,δσ(y(t)), y(t) ⊂ S0.
We claim that τ 6= 0. Otherwise, y(t) = y∗ for some point y∗ ∈ S0. This contradicts
with the fact that the projection of y on M represents the non-trivial class α since
[pi(yj)] = α and pi(yj) converges to pi(y) in C
∞-topology. Reparametrizing time we
obtain the τ -periodic solution x(t) := y(t/τ) of the equation
x˙(t) = XH,δσ(x(t))
whose projection on M represents α. The proof of Theorem 1.15 is completed. 
5.5. Concluding remarks.
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5.5.1. Hamiltonian flows without non-contractible closed trajectories. The following
proposition shows that the constant δ0(H, g, σ, a, b, α) in Theorem 1.6 depends on
H. As a consequence, one can not extend Theorem 1.6 (resp. Theorem 1.7) to the
case that δ0(H, g, σ, a, b, α) (resp. δ0(H, g, a, b, α)) is arbitrarily large.
Proposition 5.2. Let M be a closed Riemanian surface endowed with a metric g
of constant curvature K = −1. Then there exists a sequence of compactly supported
Hamiltonians {Hn}n∈N ⊂ C∞(D1T ∗M) with infM Hn > n and a sequence of num-
bers {δn}n∈N converging to 0 such that the periodic orbits of the Hamiltonian flow
of Hn with respect to ωn = ω0 + δnpi
∗σ are all contractible.
This proposition is due to Niche [40]. For the sake of completeness, we outline a
proof of Proposition 5.2 below. The following proof is different from Niche’s proof
and is based on a theorem of Ginzburg [21].
Proof. We start with ω = ω0 +pi
∗dA where dA is the area form on (M, g). Further,
let F be the standard kinetic energy Hamiltonian. Then [21, Theorem 2.5] shows
that on every level {F = c} with c < 1/2 all integral curves of F are closed and
contractible, and there is no closed orbit on {F = 1/2} (on which the Hamiltonian
flow is the horocycle flow, cf. [30]). Let V = {F < 1/2}. Let χ : [0, 1/2] → [0, C]
be a “one-sided bump” function with χ′ ≤ 0 such that χ(t) = C near t = 0 and
χ(t) = 0 near t = 1/2. Here C is a constant and can be made arbitrarily large.
Let H = χ ◦ F . Then H is supported in V . Moreover, the flow of H is essentially
a reparametrization of the flow of H on V and hence all orbits are closed and
contractible.
Let us now replace the area form dA by a new magnetic field δdA where 0 < δ ≤
1. The region V will shrink to Vδ or in other words the threshold level {F = 1/2}
will get closer to M getting replaced by {F = δ2/2}. But everything else remains
the same. Indeed, by a rescaling argument, the existence of closed trajectories of
ω = ω0 + δpi
∗dA on the energy level {F = δ2/2} is equivalent to the existence of
closed trajectories of ω = δω0 + δpi
∗dA on the energy level {F = 1/2}. The flow of
the later is a reparametrization of the flow of F with respect to ω = ω0 + pi
∗dA on
{F = 1/2}, and hence has no non-contractible periodic obits.
Finally, by taking some sequence {δn}∞n=1 satisfying δn → 0 and a sequence of
Hamiltonians Hn obtained by composing the same F with more and more narrow
bump functions, we obtain the desired result.

5.5.2. Counterexample. The condition {H < d} ⊃ M in Theorem 1.15 and The-
orem 1.16 cannot be dropped. The following example is given by Saloma˜o and
Weber [44].
Example 5.3. Let M = S1 = R/Z. Consider the function H : T ∗M = S1×R→ R
given by
H(q, p) =
1
2
‖p‖2g + V (q),
where V (q) = 1 + cos2piq. Then {H < 1} does not contain M , and for any energy
s ∈ [1, 2) the level set H = s does not carry non-contractible periodic orbits.
6. Appendix. The proof of Proposition 4.2
To prove Proposition 4.2, we need a theorem of Weber in [51] that computes
Floer homology of convex radial Hamiltonians.
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Theorem 6.1 ([51, Theorem 2.9]). Let f : R→ R be a smooth symmetric function
with f ′′ ≥ 0. If τ ∈ R+ \ Λα and f ′(r) = τ for some r > 0, then there is a natural
isomorphism
Φτf : HF
(−∞,bf,τ )
α (H
f )→ H∗(Lτ2/2α M), bf,τ := rf ′(r)− f(r). (6.1)
If Hh is another such Hamiltonian, then there exists an isomorphism Ψτhf such that
the following diagram commutes:
HF(−∞,bf,τ )α (H
f ) '
Ψτhf //
'
Φτf ((PP
PPP
PPP
PPP
P
HF(−∞,bh,τ )α (H
h)
'
Φτhvvnnn
nnn
nnn
nnn
H∗(Lτ
2/2
α M)
(6.2)
If ρ ∈ (0, τ ] \ Λα and f ′(s) = ρ for some s > 0, then we have the following
communicative diagram whose top horizonal row is the natural inclusion ιF :
HF(−∞,bf,ρ)α (H
f )
ιF−−−−→ HF(−∞,bf,τ )α (Hf )
Φρf
y' 'yΦτf
H∗(Lρ
2/2
α M)
[ιτ
2/2ρ2/2]−−−−−−−→ H∗(Lτ
2/2
α M)
(6.3)
Here the Floer homology HF(a,b)α (H
f ) is well defined for every Hf ∈ K a,bR;α; see
Remark 2.5.
Figure 5. The monotone homotopy between fk and f
′
k
Proof of Proposition 4.2. The basic idea is to deform fk and hk by monotone ho-
motopies to convex functions so that Theorem 6.1 can be applied. To show the
isomorphism (4.1), first, we follow the graph of fk until the slope of it becomes
a for the second time at a point, saying p, near rk2, then continue linearly with
slope a, we obtain a function which is of C1-class at p. Then smoothing out such a
function near p yields a smooth function f ′k ∈ K −∞,aR;α (see Figure 5). The mono-
tone homotopy between fk and f
′
k, as showed in Figure 5, provides the monotone
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isomorphism
Ψf ′kfk : HF
(a,+∞)
α (H
fk)→ HF(a,+∞)α (Hf
′
k). (6.4)
This is the consequence of the fact that the y-intercepts of the tangential line at all
points that do not remain constant during the homotopy are strictly larger than
−a.
Figure 6. The monotone homotopy between f ′k and f
′′
k
Second, we define the function f ′′k obtained by following the the graph f
′
k until
the slope of it becomes a for the first time at some point q; then continue linearly
with slope a (see Figure 6). The result function is of C1-class at q. Smoothing near
q we obtain a smooth function f ′′k ∈ K −∞,aR;α . Note that all tangential lines of the
graphs during the monotone homotopy, as indicated in Figure 6, which pass through
the point (0,−a) lie strictly between the lines x 7→ ax/R − a and x 7→ l0x − a. It
follows that the homotopy between f ′k and f
′′
k induces the monotone isomorphism
Ψf ′′k f ′k : HF
(a,+∞)
α (H
f ′k)→ HF(a,+∞)α (Hf
′′
k ). (6.5)
Since the y-intercept of the tangential line of graph f ′′k at any point is less than
−a, the action of A
Hf
′′
k
at each 1-periodic orbit is larger than a. Then the exact
sequence (2.9) yields isomorphisms
HF(a,+∞)α (H
f ′′k ) −→ HF(−∞,+∞)α (Hf
′′
k )→ HF(−∞,B)α (Hf
′′
k ). (6.6)
Here B = bf ′′k ,a/R is defined in Theorem 6.1 (the fact that a/R /∈ Λα is used). Then
by Theorem 6.1 we have the natural isomorphism
Φ
a/R
f ′′k
: HF(−∞,B)α (H
f ′′k )→ H∗(La2/(2R2)α M). (6.7)
By composing (6.4)-(6.7) we arrive at the desired isomorphism (4.1).
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(a) The monotone homotopy between hk
and h′k
(b) The monotone homotopy between h′k
and h′′k
Figure 7. Monotone homotopies
To obtain the isomorphism (4.2), we deform hk initially by the monotone homo-
topy as showed in Figure 7 (a) to a smooth function h′k, then keep on deforming
h′k by the monotone homotopy (see Figure 7 (b)) to a smooth function h
′′
k . Here
if x ≥ R + ε for some sufficiently small positive constant ε, the graph of h′′k turns
into a ray with slope µk which is very close to the line x→ µkx− a. Note that all
points on members of the homotopy whose tangential lines pass through the point
(0,−a) lie strictly between the lines l−x − a and l+ − a ; see Figure 7. Therefore
we obtain the monotone isomorphisms
HF(a,+∞)α (H
hk)
Ψh′
k
hk−−−−→ HF(a,+∞)α (Hh
′
k)
Ψh′′
k
h′
k−−−−→ HF(a,+∞)α (Hh
′′
k ). (6.8)
Figure 8. The monotone homotopy between h′′k and h˜k
Next, consider function h˜k given by following the graph of h
′′
k until it takes on
slope µk for the first time (near the point (0,−c)); then continue linearly with slope
µk (see Figure 8). Smoothing near (0,−c) yields h˜k. Since the y-intercepts of the
tangential lines of the graphs during the homotopy as showed in 8 are less than −a,
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we obtain the monotone isomorphism
Ψh˜kh′′k
: HF(a,+∞)α (H
h′′k )→ HF(a,+∞)α (H h˜k). (6.9)
Again, using the fact that the y-intercepts of the tangential lines of the graph h˜k
are less than −a, the exact sequence (2.9) implies the following isomorphisms:
HF(a,+∞)α (H
h˜k)→ HF(−∞,+∞)α (H h˜k)→ HF(−∞,B
′)
α (H
h˜k) (6.10)
where B′ = bh˜k,µk is as in (6.1). Then Theorem 6.1 gives the isomorphsim
Φµk
h˜k
: HF(−∞,B
′)
α (H
h˜k)→ H∗(Lµ
2
k/2
α M). (6.11)
Composing (6.8) - (6.11) yields the desired isomorphism (4.2).
The proof of (4.3) is identical to that of the communicative diagram (53) in [51]
without any essential changes; see p.563 and p. 564, which is an easy application
of Theorem 6.1, we omit it here. 
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